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Abstract. This paper gives a geometric topological proof that exotic ho- 
motopy 3-spheres do not exist. 
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1 Introduction 

A nranifold is closed if it is compact and has no boundary. In an orientable 3- 
manifold every 2-dimensional embedded submanifold has two sides. Embedding 
g of a submanifold to a manifold M means that there is a homeomorphism 
between N and g{N) C M. If g mapping a submanifold N to M is not an 
embedding then g{N) has self-intersections. 

An embedded circle is called a loop. If it has self-intersections it is only 
a closed curve. If I and /' are closed curves, a homomorphism is a continuous 
mapping h : I x I ^ M such that / — {h{0,x)\x e /} and /' = {h{l,x)\x G /}. 
We say that I is homotopic to I' and write it / ~ I' . Homotopic images of 
belong to the same homotopy class and the set of homotopy classes is a group, 
the fundamental group tti{M) of the manifold M. As a special case, if /' is a 
point, / is said to be contractible. If every loop in the manifold is contractible, 
7ri(A/) — 1 and M is said to be simply-connected. 

The Poincare Conjecture states that every simply-connected closed 3-manifold 
is homeomorphic to the 3-dimensional sphere S^. 
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A Morse function is a function / : M — >■ IR such that in all but isolated points 
there is a difFcomorphism g from a neighborhood of a point y» G M to IR'^ so, 
that if g{p) = (x, y, z), f{p) = z + c where c is a constant. 

In a closed 3-manifold there are finitely many points where there is no such 
homeomorphism. The points are called critical points of / and their structure is 
well known: they are classified by the index i{p). Critical points of index are 
points where there is a homeomorphism g : V ^ JR^ from a local neighborhood 
of a critical point p such that if g{p) = (r, 6, then f{p) = r + c where c is a 
constant. A critical point of index 3 for / is a critical point of index for — /, 
so the Morse levels ,f^^{x) are spheres and the level grows towards the center. 
A critical point of index 1 is a point p G Af where / has a saddlcpoint. There 
is a local homeomorphism g : V ^ IR^ from a neighborhood V of p which maps 
the Morse levels f~^{x) to surfaces shown in Figure 1. The level x grows to the 
direction of the arrows in Figure 1. A critical point of index 2 for / is a critical 
point of index 1 for — /. 




growing Morse level 

Figure 1. 

We will assume that M is a closed and differentiable 3-manifold. 

The following notations will be used: I — a. closed interval; 5" — a closed n- 
sphere; = a closed disc; = a torus; = a closed 3-ball. = {{x,y)\x'^ + 
y"^ < r} = a. closed disc of radius r. = {{x,y, z)\x'^+y^ < 1, ^ € [0, 1], {x,y, 1) = 
{x,y,0)} = a filled torus. A loop is an image of an embedding g : ^ M. A 
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path is an image of an embedding g : I ^ M. A disc is an image of an embedding 
g : — > M. A collar is an image of an embedding g : D\\D\ M . 

2 

A closed tubular neighborhood of a loop I is an image of an embedding h : 

^ M such that I is the image of the points a; = y = in C/^. A closed tubular 
neighborhood F of a path I is an image of a homeomorphism h : D^xl ^ M such 
that I is the image of the points a; = y = in £>^. A closed cylinder neighborhood 
of a disc D is an embedding of Z)^ x 7 to M such that D is the image of the points 
{r,6, 1/2). When necessary, we assume that these embeddings are smooth. 

Let X f« y mean that the manifold X (possibly with a boundary) is homeo- 
morphic to Y. Usually we will assume, that the homeomorphism is a diffeomor- 
phism. Let 7^7' mean that the loop 7 is homotopic to 7'. 

We will assume, that the Morse functions are smooth at all points except for 
a finite set of critical points. Smooth means here that / is sufficiently many times 
(say, 3 to be sure) continuously differentiable in local coordinates. Let us write 
Mf = {x € M\f{x) < a}, dMf = {x G M\f{x) = a} and if no confusion can 
arise we write M" = M^. dM" is here called a Morse level, but when there is no 
confusion we also call a a level. We will write Ma = M\int{M°'). Let amax and 
0"min denote the highest and lowest levels o respectively such that f~^{a) is not 
empty. 

2 The idea of the proof 

It suffices to show that every differentiable simply-connected closed 3-manifold is 
homeomorphic to the 3-dimensional sphere as proving the claim for differen- 
tiable 3-manifolds proves it for all. As M is simply-connected it is orientable, so we 
start by proving some lemmas for closed, orientable and differentiable 3-manifolds. 

We do not change the manifold M in the proof but construct different Morse 
functions on it. First we recall from a theorem of Smale that it is possible to find 
a Morse function which has only one critical point of index and of index 3. In 
Lemma 2 we show, that we can change the Morse function in a closed tubular 



4 



neighborhood of a path so, that in the new Morse function critical point of index 
2 arc on a higher level. We say, that a 2-handlc is moved up by changing the 
Morse function. In a similar way we can construct a new Morse function where 
a selected critical point of index 1 is on a lower level. We say, that a 1-handle 
is moved down by changing the Morse function. The modification to the Morse 
function for moving a 2-handle up or a 1-handle down requires changes only in a 
closed tubular neighborhood of a path. The modification changes Morse levels in 
the way that is illustrated in Figure 2 by showing a 2-dimensional section. The 
modification, given precisely in Lemma 2, is radially symmetric with respect to 
the y-axis in Figure 2. 



By moving all 2-handles up and all 1-handles down we get to the situation 
where every critical point of index one is on a lower level than any critical point 
of index two. Let the lowest level of a critical point p of index 2 be c and the 
highest level of a critical point of index 1 be h. 

Let a satisfy h < a < c. Then o is a regular level, that is, not a level where 
there are critical points. We show that M" = {q € M\f{q) < a} and Ma = 
{q € M\f{q) > a} are both handlebodies. That is, 3-manifolds with a boundary 
obtained by attaching handles to a 3-ball. This is not automatically true, we must 
show that the manifolds do not contain embedded exotic homotopy balls, i.e., 3- 



level a 




level a' 



Figure 2. 
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manifolds, which have the boundary and which are simply-connected but not 
homeomorphic to 3-balls. 

In Lemma 9 we show that inside and Ma there are no exotic homotopy 
balls. This is so because if there is an exotic homotopy ball after the addition of 
a 1-handle, there already was an exotic homotopy ball before the addition of the 
1-handle. Figure 3 illustrates this: If the blackened part is a part of an exotic ball, 
then there already existed an exotic ball before adding the 1-handle because we 
can connect the parts also by a tube that does not go through the 1-handle. 




Figure 3. 

Let us notice that this is only true for the level a such that all 2-handles are 
above the level a and all 1-handlcs arc below the level a. On other levels we cannot 
conclude that there are no embedded exotic balls. We cannot even conclude that 
both sides are handlebodies with possible embedded exotic homotopy balls, since 
they may have nontrivial fundamental groups. We can show these things only 
for the level a. In order to show that M" does not contain exotic balls we use 
induction by adding 1-handles one by one and conclude that no exotic ball exists. 
We can show the same for Ma by making a similar induction with the Morse 
function — /. 

A Heegaard split is a general way of expressing 3-manifolds by glueing two 
handlebodies at their boundaries. The genus g of the split is the number of han- 
dles in the handlebodies. In Lemma 10 we show that we have a special kind of 
Heegaard split M", Ma- There are homeomorphisms gi and g2 such that gi{M°-) 
and g2{Ma) are handlebodies embedded in IR^, and a boundary homeomorphism 
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V' : gi{M°-) g2{Ma). We can take gi and g2 differentiable if needed. Standard 
noncontractiblc generators Xa.iT--,Xa.g and contractible generators Ua.i, ■■■,ya,g 
can be defined for dgi{M"-) = dHa,g- Similarily, the loops Xh,g, yb^i, yb,g 

are standard generators for dg2{Ma) = dH^^g. Figure 4 shows these generator 
loops. 




Figure 4. 

The boundary homeomorphism i/i : dgi{M°-) — > dg2{Ma) induced by a Morse 
function has the property, that ip and map loops to loops. 

The following example for the genus g = 1 shows another important thing. Not 
all combinations of standard generators can be represented as loops but only as 
closed curves that have self-intersections. In particular, if a contractible generator 
wraps several times around, there is needed a noncontractiblc generator to provide 
a shift, or the curve is not a loop but has self-intersections. In Figure 5 a) the 
surface of a torus dH^^i is divided into four squares with side length 4. There 
are identications in the horizontal boundaries ((a;, 4) = (x, —4) and in the vertical 
boundaries {y, —4) = {y, 4) making it a 2-dimensional torus. 
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Figure 5. 

Let us stretch the part above y = into a strip of length 16 and width 2, 
stretch the part below y = into a strip of length 4 and width 2 and wrap the 
strip 5 times around a torus as in Figure 5 b). A loop drawn in Figure 5 a) maps 
to a loop drawn in Figure 5 b). Notice, that we need the shift in Figure 5 a). 

We can define the standard generators on the surface of the handlebody Ha,i 
as follows: ya,i is the loop from (1, 0) to (1, 2), and Xa,i is the loop from (1, 1) to 
(21, 1) in Figure 5 b), and we can define the standard generators on the surface of 
the other handlebody Hb^i as follows: yt^i is the loop from (2, —4) to (2,4), and 
Xb^i is the loop from (0, 2) to (8, 2) in Figure 5 a). The loop drawn to Figure 5 a) 
is 

where a = 0.5 is the offset the loop advances in each round, the necessary shift 
needed to make a loop. 

Instead of fundamental groups of Ha.i and Hb^i we will consider the first ho- 
mology groups Hi{dHas) and iJi(3ff(,,i) with integer coefficients. The boundary 
map : dHa^i 9-^6,1 induces a linear map between the homology groups. The 
first homology group is abelian, so the loop can be expressed more simply as 



^6 = {xb,i)'^yb,i 
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As the group is abelian, we can also use the additive notation: 

k = 4xfe,i - 

Clearly, we can use linear algebra for solving the generators Xa,i and Xb,i, 
and if the manifold is simply-connected, we will manage to solve Xa,i and Xb,i as 
linear combinations of ya,i and yb,i. However, this is not only linear algebra with 
rational coefficients but there are the properties that loops map to loops and not 
every closed curve can be modified to be a loop. With these two properties we 
manage to show in Lemma 13 that a loop gi^{xa,i) can be associated with a loop 
I which is homotopic to it in gi{M"-) and I bounds an embedded disc in g2{Ma). 
There is a critical point of index 2 in this disc, which we will move down. 

What we want to do with this result is to reduce the genus of the Heegaard 
split by canceling one 2-handle and 1-handle pair. Then induction on the genus 
yields the result. The tricky thing is that in order to cancel a pair we should 
move a 2-handle down. The modification that is needed for the Morse function in 
order to move a 2-handle down is the inverse modification to the one in Figure 
2. The difficult part is that in order to move a 2-handle down (or 1-handles up, 
which is the same thing for — /) we need a closed cylinder neighborhood of a disc. 
In order to move a 2-handle up (or 1-handles down, which is the same thing for 
— /) we only needed a closed tubular neighborhood of a path. Topologically these 
are the same and that is why the modification is the same, but while it is easy 
to find a 1-dimensional path which does not meet any critical points, it is not 
easy to find a large disc which is avoiding critical points. It is where we need the 
simply-connectedness of M. 

We can of course find an embedded disc from Ma that bounds any contractible 
loop on dMa, but this loop has to be moved down to a low Morse level. We have 
to find an embedded collar that has the same boundary as this embedded disc. 
If we get such a collar then we can construct a Morse function where the critical 
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point of index 2 is on a level just above the level of the lowest critical point of 
index 1. 

We can try to push down a loop that is contractible in and see what 
happens. Let us take the loop la = i^ig^^ {Vb,i)) on and try to push it down 
by a family of loops Id parametrized by d where = a at the beginning, 

We can move the loop Id towards the gradient of the Morse function —/so 
that the Morse level of / decreases. Thus, at each level d holds Id C dM'^. In the 
beginning the loop Id creates an embedded collar when d decreases but if Id meets 
a critical point of index 1 there may happen several things - the loop may get 
knotted, get self-intersections, split, merge and so on. This creates a complicated 
situation, and we try to avoid hitting any critical points if possible. 

In order to avoid critical points, we try to find a loop that goes around one 
1-handle only in M", so that the loop can be pushed down creating a collar that 
does not go through any other critical points. Thus, we need a loop on Ha^i 
that has only one noncontractible generator Xa,i- If the genus g = 1 this is of 
course true, but if > 1 we need to find a suitable loop in Lemma 13. By using 
linear algebra and the two properties that loops map to loops and not all closed 
curves can be represented as loops wc find a suitable loop that has only one 
noncontractible generator Xa.i- Then wc can push the collar down all the way 
without hitting critical points because meeting these critical points means going 
around a 1-handle that is created in a critical point. Our collar goes around the 
1-handle that is created on the first critical point of index 1. We will not continue 
the collar to this level but stop just before the level on some regular level. Thus, 
our collar avoids all critical points and stays as an embedded collar. 

The embedded collar formed by moving the loop Id down can be connected the 
the disc in order to form a larger disc. We take a closed cylinder neighborhood 
of the disc. Inside the neighborhood we can the change of the Morse function, 
using the inverse of the change in Figure 2, and move the 2-handle to a lower 
level. The change does not aff'ect the Morse function outside the neighborhood 
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and will not change the levels of other critical points. In this way we can move 
the 2-handlc to a so low level that the two first critical points after the 0-handle 
are a 1-handle and a 2-handle and the 2-handle is a disc contracting the 1-handle. 
Together they make a 3-ball. We can replace the Morse function by such a Morse 
function where these two critical points do not appear at all. In Lemma 14 we 
show that this results to a reduction of the genus of the Heegaard split, which 
proves by induction that there are no exotic homotopy 3-spheres. 

3 The proof 

A surface N G M is a. connected, closed, embedded 2-manifold. For any regular 
value a the set dM^ is a finite set of disjoint surfaces. Let Na C dM" be a surface. 

Lemma 1. Let M be a closed, oricntablc and difFerentiable 3-manifold. Each 
surface C dM°- for a regular value a is 2-sided and orientable, and separates 
M into two orientable 3-manifolds with boundary Mi and M2, dMi = dM2 = 
Ml n M2 = Na. 

Proof. As M is orientable the surface Na separates M.n 

Theorem D (Smale). Let M be a closed simply- connected differentiable 3- 

manifold. There exists a Morse function / : M — IR such that f has one critical 
point of index only and one critical point of index 3. The number of critical 
points is finite. 

Proof. See the Theorem D of Smale in [2] . □ 

Lemma 2. Let M be a closed orientable and differentiable 3-manifold. Let 
/ : M — > IR be a Morse function such that f has the critical points po,...,Pn. 

Let k be such that i{pk) = 2. Let a'l > Oi = f{pk), a'l < cLmaxi be a noncritical 
level such that there exists a path I : I M satisfying 
1(0.5) =pk, 
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fm)>a\, 

for each x,y <E (0, 1) holds that if x < y then f{l{x)) < f{l{y)) and 
l{I)f^{Pm\Q<m<n} = {pk}. 

Then there is a Morse function /' : M — >■ IR such that: 

f and f have the same critical points and they have the same indices, 

f'{Pk) = oil and f'{pm) = f{Pm) for all critical points m^k, 

Proof. Select a small closed tubular neighborhood V of 1{I) such that Vn{pm|0 < 
m<n} = {pk}. 

Define A = {{r,e,z) e JR^\0 < r < 1,0 < 6 < 2Tr,0 < z < 1}. Select 
s e (0, 1/2). Let w's ■ Ahe defined as 

w's{r, e, z) = (r, e,z + {l- r)(0.5 - .s)f ) if < z < s, < r < 1, 

w',s(r, e, z) = (r, 6*, z + (1 - r)(0.5 - s)) \i s < z < 0.5, 1 - 2^ < r < 1. 

We extend w' s to 1 > z > 0.5 by: 

w' s{r, e, z) = {r,e,l - Ws{r,e,l - z)) li <l - z < s, Q <r < 1, 
w's{r,e,z) = {r,e,l-Ws{r,e,l-z)) if a < 1 - z < 0.5, 1 - ° Vs-^^ < r < 1. 
Let Ws A ^ Ahe a smooth fuction for r < 1 approximating w' s- Let us find 
a diffeomorphisms gf of A to the tubular neighborhood V so that 
the points with z = 0.5 map to g{0, 0, 0.5) = pk, 
5(0,0,0) = ?(0),g(0,0,l) = /(l) and 
g-^dM^fHY) = {wa^{r,9,a)\0 <r < l,0<6'<27r}. 
Let us write Aa,ai = 9~^{dM'^f n V). 
Let us construct /' : M — >^ IR as follows: 

f'\M\V = f\M\V-, 

/' : y ^ IR is defined by the condition: if p € (j(~^(^o,o'i) then f'{p) = a. 
Then f'{pk) = a'l since g-^{pk) = (0,0,0.5) £ Aa'.^a'^- 

Since a'l > ai, /' docs not have other critical points thanp^ in V . (If a'l < ai, 
/' could have critical points in dV since there could be created a new saddlepoint.) 
Finally smoothen /' on dV. □ 
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Figure 2 shows the construction of /' in V. We simply wrote down an exphcit 
function for doing the modification in Figure 2. 

Lemma 3. Let M be a closed simply-connected difFerentiable 3-manifold. 
There exists a Morse function / : M ^ IR sucA that f has one critical point of 
index only, one critical point of index 3 only and on each critical level there is 
one critical point only. 

Proof. By Theorem D of [2] there is a Morse fimction / such that / has one 
critical point of index only and one critical point of index 3 only. 

By applying the modification in Lemma 2 successively we can construct a 
Morse function which has the same critical points (and of same indices) as / but 
such that all critical points are on distinct levels. □ 

Let us denote the minimum and maximum values of / by f{po) = o,min and 

Vn ~ (^max' 

Lemma 4. Let M be a closed simply-connected different iable 3-manifold. 
If a Morse function f : M ]R has one critical point of index only and one 
critical point of index 3 only, then for each level a is connected. 

Proof. If dM" is not connected, then there exists a noncontractible loop passing 
the critical point of index 0, the critical point of index 3 and two points in two 
components of dM". □ 

Lemma 5. Let M bea closed simply-connected and differentiable 3-manifold. 
Let / : M — >■ IR be a Morse function such that f has the critical points po,...,pn. 

Let k be such that i{pk) = 2. Let a'i> a\ = f{pk) be a noncritical level such 

that a' I < f(pn) = Umax- 

Then there is a Morse function /' : M ^> IR such that: 

f and f have the same critical points and they have the same indices, 

f'ipk) = oil stnd f'{Pm) = f{Pm) for all critical points m^k. 
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Proof. If there exists a path Z : / — >■ M as in Lemma 2, then the result follows 
from Lemma 2. The only problem is to select I : I M such that 
l{I) = {Pm\0<m<n} = {pk} 

and that the path satisfies: for each x,y G (0, 1) holds that if x < y then 
mx)) < f{l{y)). 

The points po and p„ are on levels outside If i{pm) = Ij then can be 
avoided as a critical point of index 1 in the direction of growing Morse levels does 
not force a path to go through the critical point, see Figure 1. Let be selected 
so that it does not intersect with critical points of index 1. 

It is not obvious that a critical point of index 2 can be avoided when moving 
a 2-handlc in the direction of growing Morse level. Let Pm be a critical point of 
index 2 with f{Pm) > f{Pk)i Pm € and there is no critical point Pj G 1{I) 
such that f{pk)< f{Pj) < f{Pm)- 

Assume that there is no path which omits Pm- Select a small embedded circle 
in a neighborhood of pk on the level f{pk) + £ such that a path from every point 
of the circle a path towards grad(— /) passes through pk- Continuing the circle to 
the direction of grad{f) defines a surface N c M such that N = g{I x I) where 

5(0, x) = Pk, 9(1, x) =p„i for X G [0, 1], 

a y > z, y,z € [0, 1], then f{g{y,x)) > f{g{z,x)) for any x G [0,1], 
9{y, 0) = g{y, 1) for any y G [0, 1]. 

If there is no such N, then 1{I) can be selected to omit Pm- 
N is embedded as in all points x G N, x ^ {Pm,Pk} the gradient of / is 
unquely defined. 

The surface A'' separates M as M is orientable. As Pm is a saddlepoint, there 
are two points p and q on the opposite sides of N such that both p and q belong 
to dMf^P-^^+'' for some small e > 0. Let a = /(p„i) + £• By Lemma 4 dM" is 
connected, therefore there is a path from p to q in This path must intersect 

N as N separates M. However, all points x £ N have f{x) < f{pm) < o-. This 
contradiction shows that there is a path 1{I) omitting p^- n 
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Lemma 6. Let M be a closed simply-connected and differentiable S-manifold. 
Let / : M — )• IR be a Morse function such that f has the critical points po,...,Pn- 

Let k be such that i{pk) = 1- Let a'l < ai = f{pk) be a noncritical level such 
that a'l > /(po) = dmin- 

Then there is a Morse function /' : M — )• IR such that: 

f and f have the same critical points and they have the same indices, 
f'ipk) = a'l and f'{pm) = f{Pm) for all critical points m ^ k, 

Proof. A critical point of index 1 of / is a critical point of index 2 of — /. The 
result follows from Lemma 5. □ 

Lemma 7. Let M bea closed simply-connected and differentiable 3-manifold. 
There exists a Morse function / : M — >■ H such that 

f has the critical points pq, ...,pn, 

the indices of the critical points are i{po) = 0, i{pn) = 3, i{pm) = 1 for 
<m, < I, i{pm) = 2 for I < m < n, 
for any m, < j holds f{pj) < f{Pm)- 

Proof. By Lemma 5 there is a Morse function /' such that one critical point Pk 
of index 2 is on a regular level a with Umax > o,> f{Pm) for m < n, m ^ k. 

By applying Lemma 5 sequentially to all critical points of index 2 we find after 
n — I — 1 steps a Morse function where critical points of index 2 are on higher 
levels than all critical points of index 1 or 0. □ 

Lemma 8. Let M bea closed simply-connected and differentiable 3-manifold. 
Let f : M ^JR be a Morse function such that 

f has the critical points po, ...,pn, 

the indices of the critical points are i{po) = 0, iipn) = 3, i{pm) = 1 for 
<m < I, i{pm) = 2 for I < m < n, 
for any m<j holds f{pj) < f{Pm)- 
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Let a be a regular level. Ifa< f{pi+i), then 7ri{M"') is free. Ifa> f{pi), then 
TTi{Ma) is free. 

Proof. By the Morse theory ■jTi{M") = 1 for a € (ammj/(pi))- In each critical 
point pk of index 1 (0 < A; < i) by the Morse theory 7ri(M-^(P'=)+«) = 'E x 
7ri(M-^(P'=^~^) for a small e > 0. By induction 7ri(M") is free for any regular level 
a < /(pi+i). As critical points of index 2 for / are critical points of index 1 for 
— /, TTi{Ma) is free for any regular level a > f{pi). □ 

A 1-handle is a cylinder H « x I. A handlebody of genus k is by definition 
obtained by adding k 1-handles to so, that the 1-handle H is fixed at the discs 

X {0, 1} to the boundary of B^. At a critical point of index 1 a 1-handle is 
added to M". An exotic homotopy ball is an embedded manifold Bf which has 
the boundary dB^ w S'^ and wiiB^) = 1. 

Lemma 9. Assume that a 3-manifold Mi (with boundary) is obtained from 
a 3-manifold M2 by addition of a 1-handle H k, D"^ x I, Mi = M2 U H. Assume, 
that Ml and M2 arc oricntable. If Mi contains an exotic homotopy ball B^. Then 
M2 contains an embedded exotic homotopy ball B'\. 

Proof. The embedding of B'l to Mi is not wild as both manifolds Mi and B^ have 
the same dimension 3. Wild embeddings happen only with submanifolds of lower 
dimension. As B^ is not wildly embedded, dB^ w S"^ is not a wildly embedded 
sphere. 

Let be a smoothly embedded disc cutting the 1-handle H. F can be assumed 
to be in a general position so, that FndB^ is a set of disjoint circles ^0 = {Ci\i € 
Iq} , Ci !v , io finite. 

The set ^0 contains a nonempty subset Bo — {Sj\j G Ii} C Aq} where each 
Sj C dB^ is a boundary of a disc Dj C dB^ satisfying int{Dj)r\AQ} = 0. In order 
to see that Bo is nonempty, notice, that each d separates dB^ w S"^ . There must 
be such circles on dB^ that one of the separated sides does not contain smaller 
circles. Such a circle Cj is a circle Sj. 
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Take one Sj and a circle S'j C F which is slightly bigger than Sj . There is a 
disc D'j C F such that dD'j = S'j . There may be other circles Ci than Sj inside 
D'j but that does not matter here. Replace the disc D'j by a disc D"j which is 
close to Dj. Then Dj, D" j and the annulus Fq d F between the circles Sj and 
S' j separates Mi and one side is a 3-ball Bq, it is the side which does not contain 
points of int{B^). The disc D" j separates M2 into two components. Let U be the 
component which contain points of int{Bo). 

Let F be a closed neighborhood of F in if and Vi a smaller closed neighbor- 
hood of F in V. Then F separates V and Vi and dV is the union of a collar, 
which is subset of dH, and two discs Da, Di, which have boundary at dH. 

By construction D"j and Dj insersect with F only at S'j and Sj. Therefore 
we can select V so small, that the component in V Ci B^ which contains Dj is 
a collar C = c{S^ x I), for an embedding c : S^ x I ^ H such that C C V, 
c{S^ X {0}) C Da, c{S^ X {!}) c Dfc, C n F = Sj, C C dBl. 

Similarily we can find a collar C = c'{S^xI), for an embedding c' : S^xl ^ H 
such that C c V, c'{S^x{0}) c c'{S^x{l}) c A, C'nF = S'j, C'ndB^ = 
and D"j DV C C. D" j n F is on one side of F in V, let that be the side where 
Da is. 

Let us define a homeomorphism g' : Mi — > Mi so, that g' keeps the disc 
D" j fixed, expands the 3-ball Bq to B'qso, that the disc Dj is pushed to the 
component Ki, of V\int{y\) which contains D},. The mapping g' pushes a part A 
of the homotopy ball B| which was in M2 to K^. 

We must move this part of B^ back to Ma but not through F. Let I be a 
path from a point in Vi fl K'b to a point in Vi fl Ka which does not go through F. 
We can select I so that it does not intersect with as dB^ k, 5^. Let V2 be a 
small closed tubular neighborhood of I in Mi. We connect the tube V2 to A and 
move A through the tube V2 to the other component Ka of V"\(yi) by expanding 
a 3-ball into K},. Finally we restore A back to M2 by decreasing the 3-ball in U. 
Now the tube V2 is filled with a 3-ball, M2 is restored and the handle H is again 
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a handle. Let us call this homeomorphism of Mi to Mi by g". See Figure 3 where 
the mapping is shown. 

Define g as the combined homeomorphism g : Mi Mi, g(p) = g"{g'{p))- 
Then ^(Ma) = Mj. 

Let us rename the exotic homotopy ball g'{B^) as B^. 

There are now less circles in the intersection set Ai = F U dB^. If Ai is 
nonempty, let us return to the step of selecting one Sj, repeat the procedure and 
get a smaller set A2. 

We repeat the procedure as long as F U dB^ ^ 0. When the set is empty, we 
have obtained an exotic homotopy ball which is contained in M2 Ui^i LiK2 ~ M2. 
So, there is an exotic homotopy ball B'l in M2. □ 

Lemma 10. Let M be a closed simply-connected difFerentiable 3-manifold. 
Then there exists a Morse function / : M — > IR such that 

f has the critical points po, ...,Pn, 

the indices of the critical points are i{po) = 0, i{pn) = 3, i{pm) = 1 for 
<m < I, i{pm) = 2 for I < m < n, 
for any m<j holds f{pj) < f{Pm)- 

For any regular level a holds: if a < /(pj+i), then M" is a handlebody and if 
a > f{pi), then Ma is a handlebody. 

Proof. By Lemma 7 there exists such a Morse function. By Lemma 8 the funda- 
mental groups of M" and Ma are free. A compact orientable 3-manifold with a 
nonempty connected boundary, which has a free fundamental group is a handle- 
body with embedded homotopy balls. 

If there is an embedded exotic homotopy ball in M" for a regular a < f{pi+i ), 
then Lemma 9 used I times shows that there is an exotic homotopy ball in M" 
for Umin < CI < f(j>i)- This is a contradiction as for a,„,;„ < a < /(pi), M" is 
a 3-ball. This shows that there are no embedded exotic homotopy balls in M°. 
Therefore M" is a handlebody if a < 
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The same argument for — / shows that there are no embedded exotic homotopy 
balls in Ma for a > f{pi)- Therefore M„ is a handlebody if a > f{pi)- □ 

Let us now summarize the results obtained so far. These results do not require 
the manifold M to be simply-connected, and the results are very natural. We 
have created a Heegaard split for the manifold, but this Heegaard split has the 
advantage that it is induced by a Morse function and we learned how to move 
handles by Lemma 2. 

Definition 1. Let M be a closed, orientable and differentiable 3-manifold. 
Let f be a Morse function with critical points Po,---,Pn- Let a be a regular level 
with f{Pm) < 0- ^or all critical points Pm with i{pm) < 1 and a < f{Pm) for 
all critical points Pm with i{pm) > 1- The 3-manifold M has a Heegaard split 
induced by the Morse function f if there there are homeomorphisms gi, §2 of M" 
and Ma to standard handlebodies gi{M°-) and g2{Ma) in IR^ and a boundary 
identification homcomorphism ip such that the following diagram commutes 

gi{M°-) IR^ 
t 

S5i(M«) 

dg2{Ma) 

i 

g2{Ma) ^ 

Corollary 1. Let M be a closed differentiable and simply-connected 3- 
manifold. Let f be a Morse function as in Lemma 10. Let a be a regular level 
with f{pi) < a < /(pi+i, then M", Ma is a Heegaard split induced by the Morse 
function f. 



t 

dM"- 
id l 
dMa 
i 

Ma !! 



Proof. The claim follows directly from Lemma 10. □ 
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The homeomorphism tp oi a. Heegaard split is called a gleuing mapping. It 
is sufficient within a homeomorphism to define the glueing mapping by defining 
how the standard generators are mapped. A Heegaard split induced by a Morse 
function is a Heegaard split but our goal is to use the function / and to move a 
2-handle down. 

The following property is useful. 

Lemma 11. Let tp be the glueing mapping of a Heegaard split induced by 
a Morse function f.IflG dMa is a loop, then I' = 5'i~^(V'~^(fl'2(0)) ^ ^ooP 
dM". If I e dM" is a loop, then I' = 52"^(V'(5i(0)) is a loop in dMa- 

Proof. The Morse function / has a as a regular level. Therefore the glueing map- 
ping : dM"- dMa is bijective. It follows that if Z is a loop, I' is a loop. 
□ 

A Heegaard split of genus 1 can be defined by glueing two standard handle- 
bodies i?o,g and H},^g of genus g together so, that the standard generators Xa,i, ya,i 
of Ha,g are mapped to words in generators Xb^i,yh,i of H^^g by xp. A fundamental 
group of the boundary dHg of a handlebody Hg is a group generated by 

xi, ...,Xg,yi, ■■■,yg 

with one relation xiyix^^y^^ • ■ • XgygXg^y'^ . 

Lemma 12. Let M be simply-connected and obtained as a Heegaard split 
of genus g. The boundary map tp : dHa,g — > dHh,g induces a linear map be- 
tween the first homology groups Hi{dHa,g;'Mi) and Hi{dHi)^g;'E). These groups 
are generated by 2g generator loops 



'^c,!? ••*? '^c^gi yc,li •'•■) yc,g ^ ^ ^} 
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where noncontractible in the handlebody Hc^g and ycj are contractible 

in the handlebody Hc^g- Every be expressed as 

Xc,j = AjYJ + BjYJ (2) 

where Aj and Bj are row vectors with rational entries and = [yc,i: • • • > yc,g]^ ■ 

Proof. The first homology group is the abelianization of the fundamental group 
and thus it is abelian and torsion free. We can use the same generators for the 
first homology group, or select another set of generators. As the group is abelian, 
we can use an additive notation and write a word in the generators as 
^ = ^iiaiXi+biUi). 

The pullback of the boundary map tp : dHa,g — >■ dHb,g is a linear map be- 
tween the homology groups. Thus, the map between the first homology groups 
Hi{dHa^g] ^) and Hi{dHh^g; %). induced by the glueing mapping can be described 
in a matrix form as 

Za = SZb , where 

Zc = [Xc,Yc]'^ = [xc,i,.:,Xc,g,yc,i,-,yc,g]'^, c G {a, 6}. 

The entries of the matrix S are rational numbers. There are 2g equations to 
solve Xa,j and x^^j . If the matric S is invertible, every Xc,j can be expressed as 

^c,j — AjYa + BjY}, 

where Aj and Bj are row vectors with rational entries. Since ycj is contractible 
in Hc,g (c e {a,b}), 

Vaj - 1 for all j = 1, ...,g in Ha.,g, 

ybj ~ 1 for all j = 1, g in Hb^g. 

It follows that if the matrix is invertible, then 

Xa,j — 1 for all j = 1, ...,g in M, 

Xb,j — 1 for all j = 1, g in M. 
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This is as we expect since the manifold M is simply-connected. 

However, if the matrix S is not invertible, then we cannot solve every Xc,j 
as a linear combination of ya,k and yb,k- In this case there are too few linearly 
independent equations and at least one Xaj can only be expressed as a funtion of 
ya.fe) y6,fe, 2^6, fe and Xb^m for some indices k and m ^ j. In this case Xa,j cannot be 
contractible in M. Then M is not simply-connected. We conclude that the matrix 
S must be invertible. 

In order to illustrate this conclusion by an example, let us take 5 = 1 and 
let the mapping be Xa^i ~ Xb_i, Ua.i = yb,i- Here wc cannot solve Xa.i as a linear 
combination of ya,i and yb,i and the manifold is also clearly not simply-connected. 
□ 

Lemma 13. If M obtained as a Hccgaard split of genus g induced by a Morse 
function is simply-connected and Xaj is a standard noncontractible generator loop 
of Ha^g — 5i(M") then there exists a loop I homotopic to Xa^g in Ha^g which 
bounds a disc in Hb,g. 

Proof. We will select the generators of the first homology groups of dHc.g, c G 
{a, &} slightly differently as j/j in Figure 4. Let us first take a large filled torus 
and let its noncontractible standard generator be called Xc,i and contractible 
standard generator be called yc,i- Then we glue g — I small handles to the outer 
sphere of this filled torus. This gives a handlebody of genus g. We select 
noncontractible generators as in Figure 4, but the contractible generators ycj we 
select such that they are on the surface of the big torus. Thus, they go through 
the holes created by the small handles. In Figure 4 we have marked these loops 
by Zj. We can use these generators in Lemma 12 and as M is simply-connected, 
there is a solution 

where Aj and B,- are row vectors with rational entries. 
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In the example of Figure 5 a) we needed a shift a in order to create a curve 
without making self-intersections, that is, to make a loop. 

Moving the generators of Ha^g to the left-hand side and the generators of 
to the right-hand side gives 

Xa^ - AyYj = BiYb'^ 

Let the vector Bi have the components [bi,. . . ,bg]. Six observations can be 
made. 

1) If the coefficients of Ai are integers, the left-hand side can be presented as 
a loop. That is, wc can use Xa.i to shift multiple windings of ya.k m such a way 
that there are no intersections, similarly as is done in Figure 5 a). 

2) Assume that the coefficients of Ai are rational numbers but not integers. In 
that case the left-hand side is a set of disjoint paths that have no self-intersections. 
We can find an integer k such that when the equation is multiplied by k, the left- 
hand side can be presented as a loop. 

3) It is generally true that if there is no shift, we do not get a loop if a curve 
winds up multiple times. This can be seen in Figure 5 a). Thus, if bj is an integer, 
the curve bjUj on the surface of a handlebody is not a loop unless every nonzero 
bj = ±1. It follows that the right-hand side can be presented as a loop only if 
every nonzero bj = ±1. 

4) In the case 2) we had to multiply the equation by an integer k in order 
that the left-hand side could be presented as a loop. In order to see that we get a 
loop in this case proceed as follows. Consider Figure 4 and notice that we could 
add any number of handles to the torus in the center of Figure 4. Thus, we have 
the generator X2 and a number of generators Zj. Take a loop where X2 appears 
one time only and zj appears cj times where Cj S W,. Cut the central torus in 
Fig. 4 along a loop parallel to X2 and deform it into a strip x [0, 1]. Glue two 
copies of the strip together by identifying x {0} with x {1} of the second 
copy. Repeat this k times and finally identify the sides x {0} and x {!}. 
This yields a loop where X2 appears k times and Zj appears cj times. This loop 
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is mapped to a loop and because of 3) every nonzero bj after multiplying by k is 
±1. It follows that the integer k is ±1. 

5) As the left-hand side is not contractible in Ha,g, the right-hand side has at 
least one coefHcient bj which is not zero. 

6) Loops map to loops in tp, therefore the right-hand side is a loop in g2{Ma). 
As it is loop, every yb^i must have coefficient ±1 as there is no term Xb,i- So 

l' = BiYb^ = Ei<i<gbiyb,i 

where bi = ±1 or zero. This loop is contractible and bounds an embedded disc 
in Hb^g. 

We conclude that the preimage gi^{l) is a loop in dM°-, homotopic to gi^{xa,i) 
in Ma and bounds an embedded disc in Mq. □ 

Lemma 14. Let M and f be as in Lemma 10 and let M have a Heegaard 
split of genus g induced by f. There is a Morse function f such that f satisfies 
the conditions of Lemma 10 and the Heegaard split induced by f has genus 5 — 1. 

Proof. Let Xa^i be as in Lemma 13. By Lemma 13 there is a Morse fuction / 
satisfying Lemma 10 such that Xa,i bounds a disc in the handlcbody Hb^g. Wc 
can assume that the loop corresponding to the generator Xa,i is created by the 
addition of the first 1-handle in a critical point pi . On a regular Morse level c where 
c is only slightly higher than /(pi) the manifold is divided into two parts M'^ and 
Mc- The boundaries of M'^ and Mc are toruses. The lower manifold M" is a ffiled 
torus but we cannot know if the upper manifold Mc is a ffiled torus. Fortunately, 
we do not need to know that. We are only interested in the gleuing mapping 
between these manifolds. If Mc is not a filled torus, we replace it by a ffiled torus. 
Now we have two ffiled toruses glued together by a boundary map. Thus, we 
have obtained a Heegaard split of genus 1, though not for the original manifold. 
Every simply connected closed 3-manifold which has a Heegaard split of genus 1 
is homeomorphic to S^. This means that the modified Mc and the original M'^ 
make S^. That means that the boundary map must be trivial: a noncontractible 
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generator is mapped to a contractible generator. Let us now restore Ma- It was 
only temporarily replaced by a filled torus in order to investigate the boundary 
mapping. The boundary mapping is of course still the same. We know now that 
the boundary mapping is trivial. 

We have the disc in H^^g that has I as a boundary, and a collar from I to the 
level c. This collar does not meet any critical points. We can make a similar move 
of a handle as is done in Figure 2 but this time we move a 2-handle down. 

The collar can be added to the disc to make a bigger disc. The disc contains a 
critical point Pm of index 2. We take a closed cylinder neighborhood of the disc. 
Inside this neighborhood we make the inverse of the modification given in Lemma 
2. This move lowers the level of the 2-handle. This lowering can be continued until 
the 2-handle is moved to the level c. Thus, moving 2-handles down is possible if 
there is an embedded collar that does not meet any critical points. 

We have on the level c the 2-handle and on the level /(pi) the 1-handle. 
The boundary mapping is trivial. These two handles cancel each other, i.e., the 
2-handle fills the hole created by the 1-handle. We can construct a new Morse 
function where these handles do not appear. The new Morse function /' satisfies 
Lemma 10 and the genus of for f is g — 1. u 

The first generally accepted proof of the Poincare conjecture was given by 
Grigory Perelman in the year 2002. The proof applies advanced techniques. We 
have obtained another proof by using elementary methods only: 

Theorem 1. Every simply connected closed 3-manifold is homeomorphic to 
the 3-sphere. 

Proof. We may assume, that M is differentiable since if the claim holds for dif- 
ferentiable 3- manifolds it holds for all, see e.g. [1]. Assume, that M is an exotic 
homotopy sphere. Let / : M — HI be a Morse function as in Lemma 10. Assume, 
that there is a minimum genus g for the Heegaard split induced by a Morse func- 
tion satisfying Lemma 10. There is a lower bound to g as there is no nontrivial 
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Heegaard split of genus 1. By Lemma 14 M admits a Heegaard split as in Lemma 
10 which has genus g — 1- This contradiction shows, that M is iS^. □ 
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